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1 Introduction and Motivation
The extension to noncommutative algebras of the notion of a dierential calculus has been given both without
(Connes 1986) and with (Dubois-Violette 1988) use of the derivations of the algebra. A denition has been
given (Chamseddine et al. 1993) of a possible noncommutative generalization of a linear connection which
uses the left-module structure of the dierential forms. Recently a dierent denition has been given (Mourad
1994, Dubois-Violette et al. 1994) which makes essential use of the full bimodule structure of the dierential
forms. We shall use this denition here to consider linear connections on two examples of noncommutative
geometries based on matrix algebras. Both have a unique linear connection, which is metric and torsion free.
In this respect they are similar to the quantum plane, which is not based on a nite-dimensional algebra.
The general denition of a linear connection is given in this section and in Section 2 some basic formulae
from matrix geometry are recalled. In Section 3 we consider an algebra of forms based on derivations and we
show that there is a unique metric linear connections without torsion. This case is very similar to ordinary
dierential geometry and the calculations follow closely those of this section. In Section 4 we consider a more
abstract dierential geometry whose dierential calculus is not based on derivations. Here we nd that there
is a unique 1-parameter family of connections, which is without torsion. The condition that the connection
be metric xes the value of the parameter.
We rst recall the denition of a linear connection in commutative geometry, in a form (Koszul 1960)
which allows for a noncommutative generalization. Let V be a dierential manifold and let (


(V ); d) be
the ordinary dierential calculus on V . Let H be a vector bundle over V associated to some principle bundle
P . Let C(V ) be the algebra of smooth functions on V and H the left C(V )-module of smooth sections of H.











which satises the condition
D(f ) = df 
  + fD (1:2)
for arbitrary f 2 C(V ) and  2 H.
The denition of a connection as a covariant derivative has an immediate extension to noncommutative
geometry. Let A be an arbitrary algebra and (


(A); d) a dierential calculus over A. We shall dene in





); d) over the matrix algebras M
n
. One denes a covariant








which satises the condition (1.2) but with f 2 A.
A linear connection on V can be dened as a connection on the cotangent bundle to V . It can be
















which satises the condition
D(f) = df 
  + fD (1:5)




Suppose, for simplicity that V is parallelizable and choose 

to be a globally dened moving frame on
V . The connection form !













































(V ) onto 

2
(V ). The torsion form 
















is a linear map of 
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an extension of D can









































(V ) dened by the permutation of two derivations:
( 




























































is a consequence of the identity




(V ) has a natural structure as a right C(V )-module and the corresponding condition
equivalent to (1.6) is determined using the fact that C(V ) is a commutative algebra:
D(f) = D(f): (1:16)
Using  this can also be written in the form
D(f) = ( 
 df) + (D)f: (1:17)



























(A) has again a natural structure as a right A-module but in the noncommutative case
it is impossible in general to consistently impose the condition (1.16) and a substitute must be found. In
this section we shall give a general prescription based on (1.17) and the map  introduced in (1.11). In
Section 3 we shall apply the prescription to the case of a matrix geometry. We shall see in this case that
one cannot simply circumvent the problem by using only the left-module structure of 

1
(A). In Section 4
we shall discuss a dierential calculus with 

1
(A) generated as a A-bimodule by a set of elements d
a
and
such that not every element of 
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essential therefore to have a formula for D(f) in terms of D() and df to give a complete denition of D.
Except in the last section we shall consider the case where the dierential calculus (


(A); d) is dened
using the derivations of A (Dubois-Violette 1988). Let X and Y be arbitrary derivations of A and suppose









(A) into itself. Then we propose to dene D(f) by
the equation (1.17) (Dubois-Violette & Michor 1994a,b). A covariant derivative is a map of the form (1.18)
3
which satises the Leibniz rules (1.5) and (1.17). The right Leibniz rule (1.18) can be made more transparent
using the covariant derivative D
X
with respect to the derivation X. The two Leibniz rules can be written as
D
X


















(V ) into C(V ). This
denition makes sense if one replaces C(V ) by an algebra A and 
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A. By analogy with the commutative case we shall say that the covariant derivative (1.17) is metric if the








































. In general symmetry must be dened with respect to the map . We impose
then on g the condition
g = g: (1:21)
2 Matrix geometries
Noncommutative geometry is based on the fact that one can formulate (Koszul 1960) much of the ordinary
dierential geometry of a manifold in terms of the algebra of smooth functions dened on it. It is possible to
dene a nite noncommutative geometry based on derivations by replacing this algebra by the algebraM
n
of
nn complex matrices (Dubois-Violette et al. 1989, 1990). SinceM
n
is of nite dimension as a vector space,
all calculations reduce to pure algebra. Matrix geometry is interesting in being similar is certain aspects
to the ordinary geometry of compact Lie groups; it constitutes a transition to the more abstract formalism
of general noncommutative geometry (Connes 1986, 1990). Our notation is that of Dubois-Violette et al.
(1989). See also Madore (1994). In this section we recall some important formulae.
Let 
r
, for 1  r  n
2
  1, be an anti-hermitian basis of the Lie algebra of the special unitary group
SU
n












































) to be the set of all elements of the form fdg with f and g in M
n
.












































































). We shall refer to the 
r
as a











df =  [; f ]: (2:6)
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3 A dierential calculus with derivations





















has vanishing torsion. With this connection the geometry of M
n













Since the elements of the algebra commute with the frame 
r


















It follows that D satises also (1.17).















an arbitrary element of M
n
for each value of (r; s; t). Then from (1.5) and (1.17) we nd that





and so the !
r
st
must be all in the center of M
n
. They are complex numbers. If we dene the torsion as in








Dene a metric onM
n







. It satises the symmetry condition (1.21). The
commutativity of the diagram (1.20) is the formal analogue of the condition that a connection be metric. If










). From the formula



















The connection (3.1) has been used (Dubois-Violette et al. 1989, Madore 1990, Madore & Mourad 1993,
Madore 1994) in the construction of noncommutative generalizations of Kaluza-Klein theories. In particular
the Dirac operator has a natural coupling to it, determined by a correspondence principle.
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4 A dierential calculus without derivations
Equation (1.17) can be extended in principle to the case of a dierential calculus which is not based on





















to replace the one dened by (1.11). We dene then D(f) by the equation (1.17) but using (4.1) instead of



































is given by (1.12) but with  dened by (4.1).
As an example we shall consider a dierential calculus over an algebra of matrices with a dierential









d by the formula
^
df =  [; f ]; (4:3)
































) are the even
(odd) elements of M
n














It is possible to construct over M
+
n














































































using once again (4.3). Every element of 
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then we see that in general d
2





be the submodule of d

1

























have a well dened map (4.6) with d
2
= 0. This procedure can be continued to arbitrary order by iteration.




be the submodule of d

p 1



























is a dierential algebra. The 

p
need not vanish for large values of p.
In fact if 
2














for p even (odd) and so it stabilizes for large p.
























Without loss of generality we can choose the euclidean 2-vector 
1i






























= 0 for p  3. Let e be the unit of M
1








To form a basis for 

1
we must introduce a second matrix 
2
. It is convenient to choose it of the same
form as 
1

















































u = 0; 
1
u = 0: (4:14)




























































































































If we multiply both sides of the second equation by u we nd that b
ij
= 0; if we multiply both sides of the
rst equation by u
2





















































; () =  : (4:18)
The Hecke relation
( + 1)(   ) = 0




) to be the quotient of the tensor algebra by the ideal
generated by the eigenvectors of  ( 1). As a complex vector space 

is of dimension 10. The map  7! e





. As a complex vector space S

is of dimension 13. It is an unusual
fact that it is of nite dimension. If  =  1 then  =  1 also and (1.15) is trivially satised. In this case it
is natural to dene 

to be the entire tensor algebra. On the universal dierential calculus the projection
 of (1.15) is the identity and  must be equal to  1.
The covariant derivative of 
i




















From (1.5) we nd then that D must satisfy the constraints
D
1











= 0 and c
2ij


















































The lack of symmetry is due to the fact that the form  which determines the exterior derivative is dened
in terms of 
1
. The torsion vanishes. Recently (Dubois-Violette et al. 1994) the quantum plane has been
shown to possess a 1-parameter family of covariant derivatives, which also are torsion free. If one takes the
covariant derivative of the identity e = 
1














D = (   1)  
 : (4:24)
One nds also that
D(de) = (1 + )
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Therefore when  =  1 one can identify D with
^
d.









); h = g(): (4:27)
If we suppose that the metric is bilinear then g(
ij
) is given in terms of h
1



























Consider the special case where 
1
is given by a = 1 and b = 0 in (4.11). For generic  the solution to






















where  and  are arbitrary complex numbers and we have normalized the metric by putting one of the
components of h
1
equal to 1. When 
2




















where  is an arbitrary complex number.
If we impose the condition (1.21) that the metric be symmetric then we have
h = 0: (4:31)
The metric is identically zero on 











































= 0, both sides of Equations (4.28) vanish if (4.31) is satised.
With the normalization we have chosen the frames 
i
have unit norm with respect to the metric:
Tr(h
i




is not proportional to the identity matrix, they cannot be considered as the analogues of




the change of frame u cannot be considered as `orthonormal'.















































































































































is left linear it is not right linear.
For no value of  does the curvature vanish. The analogue of the Ricci tensor is obtained by using the

















one sees that it vanishes. The analogue of the square of the curvature tensor also vanishes. In fact, the
tensor product of the curvature tensor with itself vanishes identically.









. The action of the matrix u which takes one into the other is a change of frame. The curvature is dened
by two matrices, which would correspond in ordinary geometry to the value of the unique component of the











































by the right action of u we change the value of

R from  + 1 to 1.
Since 
1
= e and 

1













= + 1: (4:41)
There does not seem to be any way to construct a frame-independent quantity so the best we can do
is declare  to be a preferred frame and consider the component (4.41) of the curvature in this frame as the
curvature of the geometry of M
+
3
. If we require that it be metric the connection is unique and any action





) = 3( + 1)
2
: (4:42)
The action has then a minimal which corresponds to a connection which is not metric and whose curvature
component vanishes in the frame .
Additional structure could be put on the algebraM
+
3
. For example one could replace theM
2
component











. They yield each one curvature component whose values are given by (4.39).
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We mentioned that the Dirac operator has a natural coupling to the geometry of the previous section.
There is also a generalized correspondence principle which can be used as a guide in introducing the Dirac
operator coupled to the geometry of the quantum plane. The coupling of the Dirac operator to the geometry
considered here is however more problematic. There is no possible correspondence principle since the geom-
etry is not a deformation of a commutative geometry. It is natural to require that a spinor be an element
of a left M
3
-module and that the Dirac operator be an hermitian element of M
 
3
but otherwise there is no
restriction. In ordinary geometry the exterior derivative can be identied with the commutator of the Dirac
operator (Connes 1986) and this has been used as motivation for proposing i as the Dirac operator in the




could be considered as automatically coupled to the curvature since there is a unique metric connection.
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